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The relevance of the research topic. This dissertation is devoted to the study
of direct and inverse problems for some mathematical models arising in the
filtration theory, that is, the mathematical model of the filtration theory that
takes into account the phase transition, the initial boundary value problem for
the pseudoparabolic equation, the inverse problem for the parabolic equation,
and the reaction-diffusion problem are considered. Equations of this type and
general equations of Sobolev type appear in the description of heat and mass
transfer processes in filtration theory, moisture transport in soil, plasma
physics, population and many other fields.

The aim of the PhD thesis. Study of direct and inverse problems of the
filtration theory. In particular:

- The correctness of the mathematical model of the Stefan-type problem, the
study of the existence and uniqueness of the solution, the transition to the limit
in terms of relaxation time.

- Study of the unique solvability of the initial boundary value problems for the
quasilinear pseudoparabolic equation given by the nonlinear boundary condition.
Proving the theorem on the existence and uniqueness of a weakly generalized
solution of the problem, proving the blow-up of the solution of the problem for a
quasilinear pseudoparabolic equation with a nonlinear boundary condition, and
studying the asymptotic stability of the solution in time.

- Finding a weak solution of the inverse problem for the quasilinear parabolic
equation, studying the stability of the solution, and also proving that the solution
blow-up in finite time.

- Proving the theorem for finding solutions of a competitive system with nonlinear
cross-diffusion for one-phase and two-phase patterns. Finding specific areas of
solutions.

Scientific novelty of the work. All the results obtained in the thesis are new
and rigorously proven. The obtained results are of theoretical and practical
Importance and can be used in creating a general theory of direct and inverse
problems.

- Existence and uniqueness of a solution of one model of Stefan-type filtration
theory with phase relaxation was obtained. The lemma of transition to the limit in
terms of relaxation time is proved. Numerical experiments are presented.

- The theorem on the existence and uniqueness of the generalized weak solution
of the initial-boundary value problem for the quasilinear equation of the
pseudoparabolic type with the Neumann-Dirichlet type nonlinear boundary
condition is proved. At the same time, sufficient conditions were obtained for the
final destruction of their solutions.



- The existence of a weak solution of the inverse problem of the quasi-linear
parabolic type equation with the integral condition given by redefinition was
proved by the Galerkin method and the stability of the solution was obtained.

- It was shown that there are two different types of periodic stationary solutions
for some range of parameters of the nonlinear cross-diffusion competitive system.
The eight-dimensional parameter space is partitioned and the Turing regions of
the solutions are shown. In addition to analytical methods, numerical methods for
studying the properties of solutions were proposed.

The methods of scientific research. Galerkin's approximation method, a
priori estimation method, Sobolev space theory, integral and differential calculus
methods, functional analysis method, compactness method, monotonicity
method, necessary interpolation inequalities, Jung's, Gelder's and Minkowski's
inequalities were used to achieve the research results.

Theoretical and practical significance of the results. The obtained results
are of theoretical and practical importance, and the obtained results are primarily
of theoretical interest. For the achieved results of the research, it is possible to
conduct computational experiments and obtain numerical values of solutions.

Publications. Based on the results of the dissertation research, 12 works
were published, including:

— 3 articles in scientific journals included in the fourth and first quartiles (Q4 and
Q1) of the Clarivate Analytics Journal Citation Reports, respectively, and/or with
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— 3 articles in journals recommended by the quality assurance committee in the
field of education and science of the Ministry of Education and Science of the
Republic of Kazakhstan.

1. Ait:kanoB C.E., XKany3zakosa JI.T. Pa3pymenue pemenuii oopaTHoOM 3a1auu
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65#1, 2019

— 7 publications in the collection of international conferences:
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University Annual International Conference Mathematical Science and its
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and algebra, 2019
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Algebra VIII International Scientific Conference, 1 November , 2018
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sciences” Material of the international scientific conference, 11-12 april, 2023

The structure and scope of the thesis. The dissertation consists of an
introduction, 5 parts (each part is divided into sub-parts), conclusion and a list of
used literature. There are 8 pictures in the work. The volume of the thesis is 105
pages.

The main content of the thesis. In the introduction of the proposed
dissertation, the relevance and novelty of the work is presented, the purpose of the
work is formulated, the main rules are established, and a summary of the
dissertation is also given.

In the first section, necessary notations are introduced, necessary definitions,
well-known lemmas, theorems, and basic inequalities are given.

In the second section, the mathematical model of the theory of filtration, which
takes into account the phase transition, is considered:
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It is intended to find the functions c(x, t), s(x,t) (concentration of surfactant in
liquid and solid phases) that satisfy this mathematical model with phase



relaxation. The plausibility of this model has been verified. The existence and
uniqueness of the solution are proved. Numerical experiments are presented..

The third section is devoted to the study of the qualitative property of solving
the problem of carbonated liquid. The fundamental problem of studying the
solution of an initial-boundary value problem for a pseudoparabolic equation in a
domain with a sufficiently smooth boundary is considered:
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In this section, the existence of a weak solution of the initial boundary value
problem for the pseudoparabolic equation in the bounded region is proved by
the Galerkin method. A priori estimates of the solution were obtained using
Sobolev's embedding theorems. On the basis of a priori estimates, the local
theorem on the existence and uniqueness of the generalized weak solution of
the initial-boundary value problem for the quasi-linear pseudoparabolic
equation is proved. Sufficient conditions for the blow-up of the solutions of
the Neumann-Dirichlet problem given by the nonlinear boundary condition in
the bounded region are obtained.

In the fourth section, the inverse problem imposed on the non-linear
parabolic type equation with respect to the degree with the integral condition
given by redefinition on the cylinder Q; = {(x,t): x € 0, te€ (0,T)}is
considered:
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It is considered to determine a pair of functions (u(x,t), f(t)) satisfying the
second-order quasilinear parabolic type inverse problem. The existence of a weak
solution of the inverse problem is proved by the Galerkin method. Sufficient
conditions for the finite-time decay of the solution in the measured region with a
homogeneous Dirichlet condition were obtained, and also the stability of the
solution of the nonlinear opposite-sign inverse problem with respect to the power
type was obtained.



The fifth section deals with a competitive system with nonlinear cross-
diffusion:
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Two different reaction-diffusion (RD) systems are studied. It is shown that for some
range of parameters there are two different types of periodic stationary solutions. The
eight-dimensional parameter space is partitioned by Turing regions with solutions.
Some numerical calculations are shown that make it reasonable that the solutions are
attractors with a large region of attraction in the space of initial functions.



